Proton-neutron pairing in nuclei is commonly described by generalized BCS/HFB models. By construction, these models do not conserve the particle number and the isospin. Here we shall review an alternative approach, based on quartets instead of Cooper pairs, in which both the particle number and the isospin are exactly conserved. In this approach the ground state of N=Z nuclei is approximated by a condensate of alpha-like quartets built by two neutrons and two protons coupled to the isospin T=0. For nuclei with N > Z the ground state is taken as a superposition of a quartet condensate and a pair condensate formed by the neutrons in excess relative to the isotope with N=Z. The comparison with exact shell model calculations shows that the quartet condensation model gives accurate results for the isovector pairing correlations in nuclei with protons and neutrons moving in the same major shell.
Pairing in fermionic systems is associated to the formation of collective Cooper pairs which are supposed to form a pair condensate of BCS-type [1] . In nuclei the BCS approach was first applied to describe like-particle pairing, specific to semimagic nuclei or heavy nuclei with different valence shells for neutrons and protons [2] . To treat proton-neutron pairing, important in nuclei with protons and neutrons moving in the same major shell, the BCS approach was extended by introducing quasiparticle states which mix proton and neutron degrees of freedom. In the most sophisticated quasiparticle models, such as generalized HFB approximations [3] , one takes into account the contribution of two types of proton-neutron pairing correlations, corresponding to isovector (T=1) and isoscalar (T=0) proton-neutron pairs. The advantage of BCS/HFB models is the unitary treatment of all types of pairing correlations as well as its numerical simplicity, important for large scale calculations . The main drawback is the non-conservation of particle number and isospin. For like-particle pairing, the restoration of particle number conservation is done usually in the framework of projected-BCS (PBCS) approximation [4] . PBCS, if applied in a limited region of the Fermi energy, provides accurate results for like-particle pairing correlations (for a recent study, see [5] ) However, this is not the case for the PBCS calculations which involve the proton-neutron pairing interaction [6] . This RJP 58(Nos. 9-10), 1141-1147 (2013) (c) Rom. Journ. Phys., Vol. 58, Nos. 9-10, P. 1141-1147, Bucharest, 2013 is due to the fact that the standard PBCS does not conserve the isospin symmetry. Restoring both the particle number and the isospin in BCS-type approximations is a difficult task which have been addressed only for particular pairing models and a limited number of nuclei [7] .
In the present paper we shall present an alternative approach to treat the protonneutron pairing in which the particle number and the isospin are exactly conserved from the outset. In contrast to BCS-type models, this approach is based on a condensate of alpha-like quartets instead of a condensate of Cooper pairs. The fact that in N=Z nuclei the proton-neutron pairing and isospin restoration can induce alpha-like correlations has been discused long ago [8] . In the literature there are also many studies related to the alpha-type condensation in N=Z nuclei [9] [10] [11] [12] [13] [14] [15] . However, majority of these studies have been done with schematic forces or using approximations justified only for a limited number of quartets. A model valid for any number of quartets and for a general charge-independent pairing force has been proposed recently in Refs. [16, 17] . The scope of this paper is to summarize the main assumptions and results presented in Refs [16, 17] .
The study is focused on a system formed by N neutrons and Z protons moving outside a self-conjugate core and interacting via an isovector pairing force. The Hamiltonian describing this system iŝ
where ε iτ are the single-particle energies associated to the mean fields of neutrons and protons, supposed invariant to time reversal. The isovector interaction is expressed in terms of the isovector pair operators P The Hamiltonian (1) is commonly treated in the generalised BCS approximation. In BCS there are usually two degenerate solutions for the ground state, one with ∆ n = ∆ p = 0 and ∆ np = 0 and the other with ∆ n = ∆ p = 0 and ∆ np = 0. The corresponding two PBCS solutions, i.e., one formed by a product of neutron-neutron (nn) and proton-proton (pp) pairs and the other by proton-neutron (pn) pairs, are not anymore degenerate. As shown in Ref [6] , for even N=Z nuclei the former PBCS solution, which does not contain pn pair correlations, gives the lowest ground state energy. It is also worth mentioning that the generalized BCS approach predicts no proton-neutron pair correlations in the ground state of N > Z nuclei with T=Tz [18] .
One alternative to include pn pairing correlations in nuclei with protons and neutrons in the same major shell is to construct the ground state not in terms of independent T=1 pairs, as in BCS-type models, but with quartets formed by two pairs coupled to the isospin T=0, i.e.,
It can be noticed that
where
is the exact ground state wave function for two neutrons and two protons moving outside a double magic core and described by the Hamiltonian (1). The collective quartet A + can be related to the collective Cooper pairs employed in BCS models. Thus, supposing that the amplitudes x ij are separable, i.e., x ij = x i x j , the collective four-nucleon operator can be written as
denote, for t=0,1,-1, the collective pair operators for the pn, nn and pp pairs. Due to the isospin invariance, all the collective pairs have the same mixing amplitudes x i .
Following the analogy with PBCS models, it is supposed that the ground state of even-even N=Z nuclei can be approximated by a condensate of collective quartes
where n q = (N + Z)/4. Using for the collective quartet the approximation (5), the state (6) can be written as
From the equation above it can be seen that the quartet condensate is a particular superposition of nn, pp and pn pair condensates. One can observes that in the expansion (7) there are two terms which corresponds to the two PBCS condensates mentioned above, i.e., a condensate of pn pairs and a condensate of nn and pp pairs. In Ref.
[17] the quartet condensation model (QCM) presented above has been extended to describe isovector pairing correlations in N > Z nuclei. For these nuclei it is supposed that the neutrons in excess form a PBCS pair condensate which is appended to the quartet condensate. Thus, the ground state of N > Z nuclei is approximated by
where n N = (N − Z)/2 is the number of neutron pairs in excess and n q = (N − 2n N + Z)/4 is the maximum number of alpha-like quartets which can be formed by the neutrons and protons. Since the quartets A + have zero isospin, the state (7) has a well-defined total isospin given by the excess neutrons, i.e., T=n N . The neutron pairs in excess are described by the collective pair operatorΓ
. It can be seen that the collective pair describing the excess neutrons is taken of different structure from the collective neutron pair entering in the collective quartet. This is a requirement imposed by the Pauli principle in the HF limit.
As for N=Z nuclei, one observes that in the state (8) one can identify two terms which play the role of PBCS approximations for N>Z systems interacting with charge-independent pairing forces, i.e.,
The state (9) is a product between a condensate of proton-neutron pairs and a condensate of neutron-neutron pairs while the state (10) is a product of a condensate of neutron-neutron pairs with a condensate of proton-proton pairs. Both states have the right number of protons and neutrons but have not a well-defined total isospin.
The mixing amplitudes x i and y i which define the ground state (8) are determind from the minimization of Ψ|H|Ψ under the normalization condition Ψ|Ψ = 1. To calculate the average of the hamiltonian and the norm it was used the recurrence relations method. The recurrence relations are calculated with states of arbitrary numbers of collective nn, pp and np pairs |n 1 n 2 n 3 n 4 = Γ
Compared to N=Z systems, these states have two kind of neutron collective pairs, corresponding to the extra pairs and to the pairs which are included in the quartet condensate.
In what follows we shall present a few examples, extracted from Refs. [16, 17] , which illustrate the accuracy of QCM for describing the isovector pairing correlations. As examples are considered three sets of nuclei with the valence nucleons moving outside the double-magic cores 16 O, 40 Ca and 100 Sn, which are taken as inert. One starts with the N=Z isotopes and then add extra neutrons, keeping only those nuclei for which the ground state energy can be calculated exactly by diagonalisation. Here we present the results obtained with a charge-independent pairing interaction of seniority type, with the strength g = 24/A, and with protons and neutrons moving in deformed mean fields obtained from axially-deformed Hartree-Fock (HF) calculations [19] . From the HF spectrum, calculated with the Skyrme force SLy4 [20] , we consider in the pairing calculations, respectively, the lowest 7, 9 and 10 states above the double-magic core. In the calculations we have neglected the Coulomb interac-RJP 58(Nos. 9-10), 1141-1147 (2013) (c) 2013-2013 Table 1 Pairing correlations energies for isotopes having as core 16 O. The results correspond to exact diagonalisation (Exact), quartet condensation model (QCM), and the PBCS1 approximation (9) . Numbers in the brackets are the errors relative to the exact diagonalisation. The calculations are done with an isovector pairing force of seniority type and with axially-deformed single-particle states. Table 2 The same as in Table I tion and we have used for N>Z nuclei the same single-particle energies as for the corresponding N=Z isotope (the isospin dependence of the single-particle energies can be eventually taken into account by a term proportional to T(T+1) [21, 22] ) In Tables I-II are shown the results for pairing correlation energies defined as E corr = E 0 − E, where E is the total energy while E 0 is the energy obtained without the pairing interaction. The QCM results are compared to the exact SM calculations and with the results of PBCS1 approximation (10) (the PBCS0 approximation (9) gives less binding compared to PBCS1 and therefore it is not discussed here). It can be noticed that QCM describes with very high precision (errors below 1%) the pairing correlation energies for all calculated isotopes. One can also see that PBCS1 is less accurate, much less than the PBCS approximation for like-particle pairing [5] .
The difference in pairing correlations between QCM and PBC1 can be related to the entanglement properties of the Cooper pairs which compose the states (8) and (10) . As a measure of the entanglement it is used the so-called Schmidt number [23] body function which describes the entangled particles (for an application of Schmidt number to like-particle pairing in nuclei see [5] ). Thus, as expected, the Schmidt numbers show that the entanglement of the proton pairs is stronger when they are included in the quartets than when they form the pair condensate PBCS1. For example, in 30 Mg we obtain K= 1.88 for the protons in the quartet condensate and K=1.79 for the protons in the pair condensate. As for the neutron pairs in excess, they are usually much more entangled than the ones included in the quartets (e.g., by about 64% in 30 Mg).
Another important feature which can be see in Table I -II is the fast decreasing of the proton-neutron pairing correlations when more neutrons are added to the N=Z isotope (this feature is manifested by the better accuracy of PBCS1 approximation, which does not contain pn pairs, for nuclei with extra neutrons) However, as seen in Table I -II, QCM gives more accurate results than PBCS1 even for a large excess of neutrons.
In conclusion, in this paper we have summarized the results of Refs. [16, 17] , which show that the ground state of N=Z nuclei can be described with high accuracy by a condensate of alpha-like quartets. In N > Z nuclei with neutrons and protons in the same major shell, the best approximation is obtained when the excess neutrons form a PBCS condensate which is appended to the alpha-like condensate. The comparison with the exact shell model calculations indicates that the quartets and the associated proton-neutron pairing correlations persist far away of N=Z line.
